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Abstract

Quasicrystals can carry, in addition to the classical phonon displacement
field, a phason displacement field, which requires a generalized theory of
elasticity. In this paper, the third-order strain invariants (including phason
strain) of icosahedral quasicrystals are determined. They are connected with
20 independent third-order elastic constants. By means of non-linear elasticity,
phason strains with icosahedral irreducible I'*-symmetry can be obtained by
phonon stress, which is impossible in linear elasticity.

PACS numbers: 61.44.Br, 62.20.Dc

1. Introduction

Apart from the ordinary phonon degrees of freedom, quasicrystals (QC) have phason degrees
of freedom, referring to relative shifts of the constituent density waves [1, 2]. Therefore, and
due to their lack of translational order, quasicrystalline structures are usually constructed as
an irrational cut of a decorated hyperspace structure by physical space E!l [3, 4]. The phason
degrees of freedom are connected with the displacement field along the orthogonal space
E*. The generalized elasticity is described in terms of spatially varying phonon and phason
displacement fields [1, 2].

Icosahedral QC have three phonon and three phason degrees of freedom and associated
components of a displacement field. Linear elastic theory provides five independent second-
order elastic constants, two belonging to pure phonon elasticity, two to pure phason elasticity
and one to a coupling between phonons and phasons.

Within linear phonon elasticity, icosahedral QC behave essentially like isotropic media[5].
Faithful icosahedral symmetry exists for physical properties described by tensors of rank
N > 5 only [6]. Accordingly, the non-linear elasticity of icosahedral QC is anisotropic [7].

Fundamental research on classical non-linear elasticity was performed many years ago
[8, 9]. The authors of [6, 10-13] have already determined the four linearly independent,

0305-4470/02/326953+10$30.00  © 2002 IOP Publishing Ltd  Printed in the UK 6953


http://stacks.iop.org/ja/35/6953

6954 M Ricker and H-R Trebin

icosahedral elastic tensors of rank six, related to third-order phonon elastic invariants. In
contrast to this, in the isotropic case one has only three independent third-order phonon
elastic invariants, or elastic constants. Ishii [14] has calculated the pure phason third-order
icosahedral invariants. The aim of this paper is to generalize the classical non-linear elasticity
and to determine all third-order icosahedral elastic invariants, which occur when phason strains
are included. The idea leading to this work was to find a possible method to generate phason
I"-strain in icosahedral QC by phonon stress, which is impossible within linear elasticity.

2. Generalized elastic theory of icosahedral QC

According to their icosahedral diffraction pattern, the mass density of icosahedral QC
is a sum of density waves indexed by a reciprocal lattice L of icosahedral symmetry:
p(x) = Y .o peexplik-x) = >, |pelexpli(k-x + ¢r)]. The phases ¢y of the
basis vectors of L are six degrees of freedom [2], parametrized by the phonon and phason
displacement fields v and w via ¢ = P 0 — k'.w — k. w. Here, k' = k and k' are the
projections of reciprocal six-dimensional hyperlattice vectors onto E!l and E+, respectively.
The phonon and phason displacement fields w and w are the projections of the hyperspace
displacement field u @ w onto E! and E*, respectively.

We denote the position of a point in the undistorted QC a and the corresponding position
in the distorted structure x, where ©* = w + a. In the Lagrangian scheme, all quantities
depend on the variable a [8]. The phonon strain tensor n* has its components of the classical
symmetric form

1 /0u; OJu; 1 duy ou
e e %))
: 2 Baj Ba,- 2 861,‘ Baj
or, written in terms of the Jacobian F;; = 37", n;‘j = %(Fki Fyj — 8;j). This strain tensor is free
. ; .

of rigid rotations. The phason displacement gradient %—15 splits into a T'* and a "> part (see
(9)), and both are assumed to increase the elastic energy [2, 15]. Therefore, we have a phason

strain tensor n" with

Jw;
w_ — 2
n;j 9, (2)

In the linear limit |'3—Z’| <« 1, the components of 1" take their well-known shape 7;; =

0 J
1(0u; du;
3 (G + 38)-
The isothermal Helmholtz free energy F(n*, n") per undistorted volume can be expanded
into the Taylor series

_ lpab a b 1 ~abc a. b c _ 1lgpab a b | 1 p~abe a b c
F = 3G + § Cjktmn MMl + -+ = 2 miny + g Cipemi i + -+ 3)

with Cf‘j'jd being second-order and Cfﬁflmn third-order Cartesian elastic constants due to Brugger

[16], which is perhaps the most familiar notation (i, j, k, [, m,n € {1,2,3};a, b € {u, w}). In
the right part of (3), the irreducible strain components of appendix A are used. Here we have,
eg.,ief{l,...,6}ifa=wuandi € {1,...,9}if a = w. Because of the index permutation
symmetries and the symmetries of the QC, not all of these C are independent. If the elastic
energy is to be written with independent elastic constants Cfb and Cfbc of second and third
order only, one has to use the invariants Ii”” and Ii”"c of the generalized elasticity:

F=C"I"+C I+ 4)

These invariants (and also expansions (3)) must fulfil the condition 7 (gn“, gn™) = I (n*, ")
for any transformation g of the icosahedral group Y (or Yj). Clearly, symmetries such as
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I =" = ...and C;"" = C{""" = ... are assumed to hold. The elastic constants of (3)
follow from appropriate repeated differentiation with respect to components of n* and n".

A generalization of the classical result [16] shows that the generalized Piola—Kirchhoff
stresses t" and t*, which are measured in the undistorted state, have components

oF

a __ — abc _
ti.i - an’. Cz}kl it Cz}klmn nklnmn o =C
ij

b b
ab allg Cabc allg ‘
k an 8nf_‘i

oo 5)

The irreducible components of t“ and ¢ have the same form as those of " and n", and it
st = a a, where the possible pairs of (a, i) are again evident from appendix A. Cauchy
stresses o and 0" are measured in the distorted state. They follow immediately from the
Piola—Kirchhoff stresses [8]. Because E1 remains unchanged even for a finite deformation,

the phasonic case must be treated with some care:
—1 )
UI-I; =A Fiijlt/?[ ol = A" F ktlk (6)

where A = det F'.
Since our intention is to produce certain strains by means of applied stresses, we should
rather work with the isothermal Gibbs enthalpy G (t*, t") [16],

G =S"I + SPI ©)

b and Si””c are independent elastic compliances, and the same invariants as in (4) appear, but
this time formulated with components of t* and t*. One obtains the strain—stress relations

BG

a __ Sab b Sabc 4. S
ij k

ab abc
t 8Ik abc aIk _
nl_l - Bt. ijkl kl 2 ijklmn kl mn

a Yk a
ot ot

®)

The irreducible form hereof is obvious.

3. The elastic invariants

First thing is to note the transformation behaviour of the strain tensors [2], which follows from
the transformation behaviour of vectors in E! and E*+:

w M), =r'ernr w:Ieri=r‘er:. 9)

Index s means symmetrized. The irreducible components of the strain tensors are given in
appendix A, and the associated transformation matrices are displayed in table Al. They are
deduced from the transformation of the Cartesian strain tensors n“ = n{,n;;, where 0, is a
basis deformation with component ij being 1 and all others 0: gn“ = nfgnf; = (gn")i;jny;,
where (gn“)i; = D;(&) D3, (&)nj, (gn™)ij = D,k(g)D (g)np and D*(g), D (g) are the
coordinate transformation matrices of table Al.

The characters of symmetrized product representations D = (D ® D); and D =
(D ® D ® D), respectively, of one and the same representation D, which the terms occurring
in (3) transform after, are

xP (@) =3x" (@) + xP(g] and 10,
LxP(e) +3x"(eHx () +2x (g1

Herewith, the following Clebsch—Gordan series for the representations acting in the respective

symmetrized product spaces of second-order tensors are straightforward and given below in

x"(g) =
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Table 1. Tabulation of symmetrized third-order vector spaces. In the last column, all possible
third-order expressions consisting of irreducible strains, referring to orthonormal basis sets, are
listed.

Dimension dim of Components with respect
Case symmetrized space  to an orthonormal basis set

w56 () VA0 ) o ot G % #k#D
w189 () e,V nien i # )
www 270 we(n ) Vanmn G #K)
www 165 () V3(or ) w NBmrminy G Ak A

the order uu, uw, ww, uuu, unw, uww, www [17]:

(Mer)T!'erd)),=2r'er*esr’

TC'er)eTer)=r'e2g2r* @4r* e sr’

(Mo Ter)),,=2'ePer® e3rtesr

(MeM)eTerH)eT el =4l'eP el ¢4 eo6r’ (11)
(Mo T @), @@l =4I @8 @ 8I'* @ 13I* @ 1717

T Mer)Terd),,=T'e11P ¢ 11I° ¢ 18I @ 25I°
(MeTH)T*er)T*er), =5 e e @ 12I' @ 14I°.

We see that we have the following numbers of invariants: 2 (uu), 1 (uw), 2 (ww), 4 (uuu),
4 (uuw), 7 (uww), 5 (www). These numbers have already been calculated in an earlier
work [18].

The second-order invariants can readily be written as simple scalar products n'' « 5!,
NS e S oS ot 4 and 93 - ™3 of vectors containing the irreducible strain
components (see appendix A and [19]). Of course, most of the third-order invariants are more
complicated.

In table 1, the symmetrized third-order vector spaces are specified in more detail. Some
terms must be weighted with factors to become components for an orthonormal basis set and to
transform orthogonal among all others. The third-order elastic invariants are the components
for the basis vectors of the identity representation.

Basis vectors for an irreducible group representation « are obtained by means of the projec-

o

tion operators P}, = I%al > ccc Dii(8)D(g) [20], with D(g) being the linear operators acting

on the full (reducible) vector space (see table 1). These projectors have the property Py, ef}j =

8upd jkeﬁ. Here, ef.gj is a basis vector transforming as the index j of the irreducible

representation B, and 1 < i < n’gD, where n’f) is the multiplicity of 8 in D. To split the
full vector space into subspaces spanned by orthogonal irreducible basis vectors, the vectors
e/i € ImPj, e}y L ef fori # j, must be calculated. The other basis vectors are then
e;"j = P_‘}‘] e}, where i € {1, R n"j)}, Jj €1{2,...dy}. The operators D(g) are calculated as
orthogonal transformation matrices for the components of table 1.

Herewith, the third-order invariants can be found directly from the full spaces of
table 1. However, we picked the third-order invariants by the following procedure: calculate
the second-order irreducible components for the irreducible representations I'', I'* and I'
occurring in the first and third series of (11). Then set up all possible invariant scalar products
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with irreducible components of n* and n* and throw away linearly occurring dependent
invariants.

Since the components for different irreducible representations do not mix under
transformation, another very elegant method, leading immediately to the ordering with
respect to irreducible representations described below, is to expand the triple products of
(11) completely, for example, (MMM eI, =T*IM*r), ®
[(TRTH, MM T @I),]® (I T ®I'),, and search the invariants for each
of the arising triple products of irreducible representations separately.

The third-order invariants are listed in appendix B. They consist of components of as few
different irreducible representations as possible (see table B1). For each of the four cases,
they are orthonormal, i.e. ZZZ vikVjk = 8;j, where dim are the respective numbers in the
second column of table 1 and v; ; is the coefficient of the third-order term £ in the invariant i.
Furthermore, we have tried, on the one hand, to choose the invariants as short as possible and,
on the other hand, to bring them to a suitable form for comparing with each other and with the
invariants of [14] (see appendices B and C for details).

4. Discussion

From (11), there are 20 independent third-order elastic invariants, or elastic constants,
describing the non-linear elasticity of icosahedral QC. Since there exist four uuw-invariants,
we have four non-linear phonon—phason couplings. The other third-order invariants are
unsuitable if one wants to generate phason strains or stresses. Despite this, from all the
third-order invariants, the four uuu ones will play the most important role because of their
influence on the phonon wave propagation. To our knowledge, these third-order phonon elastic
constants have not been determined for QC so far.

Generating phason I'*-strains from phonon stresses now is possible through the invariant
11", Due to (8),

ot = S VR[5 )73 (8 2 () ~ 28" 2]

Suuw
ny = _‘Tﬁ (2t3”tX + ﬁt;‘té‘)

SMM'LU
n =5 (3412 +3ryes — Voryny)
Suuw
=2 (3 = V3usny + Vouyr).

(12)

Here, a perhaps unexpected factor of 3 is present because of the summation rule in (8).
From (12), it is obvious that phason I' 4_strains arise from shear stresses B, ...ty s
obtained, for example, by applying the stress 7' = 7 and all other ¢} = 0, ny by applying
1y =t,tf = /3/2t,n¥ by applying 1 = r,1¥ = /3/2t and n} viaty = 1,1} = /3/2t.
The magnitude of an eventually existing phonon I'!-stress, which is hydrostatic pressure ¢,
has only an indirect effect on the phason I'* strains, due to the pressure dependence of elastic
compliances. Note that the I'*-symmetry is unlikely to exist without simultaneous phason
I">-symmetry, which is generated by shear stresses even in the linear, but also in the non-linear
regime according to higher order compliances (see table B1).

Another possibility of obtaining phason I'*-strains is, for example, the quartic
electrostriction [22].
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Table Al. Tabulation of the transformation matrices for the icosahedral irreducible representations.
They are given for two appropriate generating elements of Y, i.e. a fivefold rotation Cs and a
threefold C3. 7 — 1 = % For Y}, the inversion i must be included. i does not change the strains

[22].
r g=0Cs g§=0Cs
r'=1 1 1
T T—1 —1 0o 0 1
r=3 ilr-1 1 T 1 00
1 -t -1 01 0
1—1 —T —1 0 0 1
=3 Il -t 1 1-1 1 0 0
1 T—1 —T 0O 1 0
-1 =5 V5 =5 1 0 0 0
-5 -1 =3 -1 0 0 0 1
4 _ 1
=4 1 =5 3 1 -1 01 0 0
NG 1 -1 =3 0 0 1 0
1 -3 -6 0 V6 -1 =3 0 0 0
-3 -1 -2 2v2 -2 V3 -1 0 0 0
r’=s 116 -2 2 0 2 il o 00 0 2
0 22 0 -2 2 0 0 2 0 0
V6 V2 ) 2 0 0 00 2 0

Appendix A. Icosahedral irreducible strains

The icosahedral irreducible strain components given below are from [21]. They refer to
the same coordinate systems as in [15, 19, 22]. In table Al, the icosahedral irreducible
transformation matrices are given, which the irreducible strains and stresses transform after.
Other coordinate systems in use are compared to ours in some detail in [15].

u,l u

1
no=n =ﬁ(77'f1+’732+77§3)

1 2 1 1
ns 23 (=20, + s + (T + 1) n%s)
1 (1
ny 3 (3 — T + )
1
n == NGl (n +n31)
s = (n + 4
o \]fg( i3 ’liz)
6 NG (n5) + i) (A1)
Y Ny + 0y + 053
I
i [ | 2| et
n3 V3 %77?2 + 113,
T]ZJ 1w +Tn?
M3 T T3

w V3 (’71”1 - ’75)2)

775 w w w

ny 1 i+ Ny = 2033
n" =0y | = 7 V2 (g — 1)

s V2 (en%, — 1ng)

w

T ﬁ(”ﬁ% - %’7?1)
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Appendix B. Third-order icosahedral invariants

Juru —

= ()’
= 530 [ () + s () o ()" — 2 )" + 308 ()

uuu
]2

IMMM

uuu
]4

uuw
I]

quw

uuw
13

uuw
]4

]uww
uww
12

uww
]3

uww
]4

]uww

Mg
35 V/10[ (8)" = 305 (4)” = 35 (n)” = 3ng () + 65 (n5)’

w4 Bnntnt + V3 ()" = 3t a2’ ®.1)

+3V/30 ()" = 3v3nt (nf)’ ]

VS [(n)7 + (5)” + ()7 + (%) + ()]

2 2 2 2 2
V30 [20m) iy + 2 (02) mi 42 (n) = 3 () = 3 (04)
+23/SnEneny +2/5nininy + 2v/5nfniny — V1005 niny
—~10n5ngng +2v10n35m5m;y" — 30050505’ +v/3 nZné‘an]
2 2 2 2
6'—0«/30[(772‘) ng +(n§) n6 — 2 (ni)" ng +2nsnsug +2n3ngng’ +3 (n3)" ng
2
=3 (%) ng — Antnliny + 6nsniny + AN 2ntninY + 4 2nininy B2)
2 2
420y +~/3 (%) 0¥ = /3 ()" n¥ + 2/Bngniny = 2/ 3ngnins |
2 2 2 2 2
V10| (n8) 2 — () 0% — ()" n¥ = ()" m +2 (n8)” ¥’ — 20 mim
2 2
—2n iy — 2nsniny + Ansniny +~/3 (n) e — 3 (ne) 0
+23ninkny — 2«[77%‘772775)]

V100 (n5n¥ + nind +niny +ning +nind)

S [n)+ )+ (n) + (n2)]

VI [(F) 4 )+ () + ()7 + (08)°]

V30 [ () 4k (n)7 = 25 () + 2nimey + 2mem g + 3t (n)?
=3 (1) — Ay + Gusn g + A2k ny + A 2t g
4 2mng =30k (05) +V/3ns ()" = 2Bugnng + 23 |

/10 s (%) =g (n&)” = s ()" = ms (0" + 205 (05" = 2mims

— 2ty — 2nin¥ng + Aninny + 30k ()’ =3k (1)
23y — 2 3nening |

%«/ﬁ[ nenyny + 20k Yy + 200l + 2% (n¥)” + 24 ()

— 220 (1) + 2/Snmi Y + 23/Sntniny +2/Snini n}
+/os (n5)" = v/ons (ng)’]

1
5

(B.3)



6960 M Ricker and H-R Trebin

Iuww u_w,  w u w, w u w_ w u w_ w
6

= 6_10‘/E(4’74771 ny +4nsning +4ngni’ng — 6m3n’'ns — 6n3N'Ng
+ 25y ny + 2v/5nkny g + 2/ Sniny ny + 2/Snini ny
+ 250y + 235y — N 10ninynd — 10n4nyng
— V1074202 — V105402 1 + 23/ 1004 0 + 24/ 100" 1% n?
—V30n5ny Y — ﬁnﬁn?né‘+«/—n2nfn's”+«/3_n£‘nfng)
Y = %m(ngn?n? —mynyng +ngnyns’ — nangng — 2n4nyns +2mynyny
—3nsnyng + N3uinyng + N 3ngning — 3nining
+Voninyny — Neninyny — Nengnyny +véninyny
+Noninyny — Veninyny — v 10n3ninY +~/—n£‘n'1”'7é”)

o = A [ ) = () =t () = i () 25

1
Jrww — L
2

“/56_“(”6) w0 () +n (0¥)” — 202 (n¥)” + 302 (n2)?
+ Ay 4B () = 3 (ng)’]

1 = 5T0[ (%) = 30 (ng)” = 3n% () = 3u¥ (n5)* + 602 (ny)’
33 () = 3338 ()]

VIO ()" g+ () e =2 (08" mi+ V2 mgg N Inginy (B
2y +/3 (nf) 08 = V3 (o) nd + V10010 0y
1007 ng w4~/ 1003 n |

1 = 510207 () + 20 (n) + 201 (ng)” = 30y (n)” = 30} (ng))’
+2V/5ny g + 2350y n ni + 2/5n = 1008 0 g
— 100 ng g + 23/ 10 g — /30m3 ¥ ng +~/30nnimy |

The invariants comprise strain components of irreducible representations as displayed in
table B1. Note that the following pairs of invariants have exactly the same structure:
IZMMM/IZIUH)IU, I;uu/léuww’ Iimu/lzuww’ Iluuw/lswww’ Izuuw/13uww’ quw/luww’ Isuww/lil)ww‘
Furthermore, 373" is obtained from 7,""" by replacing all products n;'n'n;” by n/_yn'ny’ +
n'ni_sny + i’y mg_s. The same is true for 37" and I3""". \/616”“”” follows from 13"**
by replacing only the phason I'>-components in the manner described above.

1
Iwww
4

Appendix C. Relationship to other third-order invariants and elastic isotropy in phonon
space

tr(nu)3 — 3\/51141414

() {tr [(m")]}, = V3L + V51

le[@?]), = 331 + 1300 — SV61m + /51 (C.1)
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Table B1. Powers of irreducible representation components ;" in third-order invariants. Possible
combinations are: @ = 1,i = 1; @« = 5,i =2,3,4,5,6 (a = u); @ = 4,i = 1,2,3,4;
a=5,i=56,7,8,9(a=w).

(a,) (W, 1) (@5 (w,4) (w,95) u, 1) @5 (w,4) (w,5)
Illlllll 3 I:ilww 1 2
Iy 3 Y 1 2
I:illlll 3 Igcwu 1 2

e 1 2 g 1 1 1
e 2 1 J g 1 1 1
" 2 1 e 3

e 2 1 I 3
Vi 1 1 1 v 3
Iluww 1 2 [i”ww 2 1
e 1 2 e 1 2

[det(n)], = §v/31 + 5305 — V61 — L5
det(n”) = 41" + 2500 — LIS + L300

In (C.1), index s denotes that »;; must be replaced by %(nf‘] + n_b;i). Some of our third-order
invariants are just proportional to 7} times one of the second-order, invariant scalar products
given in section 3. Note that tr(n") is not invariant. Our invariants /{"" and Ij"" are also
O(3)-invariants, while I;" and ;" must be combined to %«/ﬁlﬁ“‘" — ﬁmlg‘”” to give
a linearly independent third O(3)-invariant. In the degenerate case of phononic isotropy, our
elastic constants C/"" can be expressed by sets of classical third-order elastic constants already

inuse: C1" = /3(I+4n), Cy = £/30n, Cy** = —2/6n, Ci** = /5(m— tn) 9, 13],
Ci = /3(3vr + 2+ 2v3), C = 1/30vs, C4 = —3/6vs, C4" = /5(va + 2v3) [23].

Up to normalization factors, the phason third-order invariants Z%, Zs, J and 7' of Ishii
[14] are transformed into our [,"*", 13", 1,*** and I;"*", respectively, by the substitutions

nY — —1(v/10n? + V/6n?) and n? > (= ~/6n¥ + +/10n?). This is necessary because in
[14] other irreducible components are used than in [21].

References

[1] Levine D, Lubensky T C, Ostlund S, Ramaswamy S, Steinhardt P J and Toner J 1985 Phys. Rev. Lett. 54 1520

[2] Bak P 1985 Phys. Rev. B 32 5764

[3] Katz A and Gratias D 1994 Lectures on Quasicrystals (Aussois, France) ed F Hippert and D Gratias (Les Ulis:
Les Edititons de Physique) p 187

[4] Boudard M, de Boissieu M, Janot C, Heger G, Beeli C, Nissen H-U, Vincent H, Ibberson R, Audier M and
Dubois ] M 1992 J. Phys.: Condens. Matter 4 10149

[5] Spoor P S, Maynard J D and Kortan A R 1995 Phys. Rev. Lett. 75 3462

[6] Kerber A and Scharf T 1987 J. Math. Phys. 28 2323

[7]1 Duquesne J-Y and Perrin B 2000 Phys. Rev. Lett. 85 4301

[8] Birch F 1947 Phys. Rev. 71 809

[9]1 Murnaghan F D 1951 Finite Deformation of an Elastic Solid (New York: Wiley)

[10] Chen L C, Ebalard S, Goldman L M, Ohashi W, Park B and Spaepen F 1986 J. Appl. Phys. 60 2638; Erratum
1994 76 2001. We agree with the authors of [7] that the erratum still contains a misprint and that the right
relation for C456 is C456 = —% C|44 — % (‘L’—]) C|55 + %‘L’Cm(,

[11] Fradkin M A 1992 Comput. Phys. Commun. 73 197

[12] Rama Mohana Rao K and Hemagiri Rao P 1993 J. Phys.: Condens. Matter 5 5513

[13] Goshen S'Y and Birman J L 1994 J. Physique I 4 1077



6962 M Ricker and H-R Trebin

[14] Ishii Y 1990 Quasicrystals (Springer Series in Solid-State Sciences vol 93) ed T Fujiwara and T Ogawa (Berlin:
Springer) p 129

[15] Ricker M, Bachteler J and Trebin H-R 2001 Eur. Phys. J. B 23 351

[16] Brugger K 1964 Phys. Rev. 133 A1611

[17] Gihler F 2000 Private communication

[18] Yang W, Ding D, Hu C and Wang R 1994 Phys. Rev. B 49 12656

[19] Bachteler J and Trebin H-R 1998 Eur. Phys. J. B 4 299

[20] Cornwell J F 1984 Group Theory in Physics vol I (Techniques of Physics vol 7) ed N H March and
H N Daglish (London: Academic)

[21] Ishii Y 1989 Phys. Rev. B 39 11862

[22] Trebin H-R, Fink W and Stark H 1991 J. Physique I 1 1451

[23] Toupin R A and Bernstein B 1961 J. Acoust. Soc. Am. 33 216



